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1. Introduction 
 Parallel excitation has been introduced as a means of accelerating multi-dimensional, spatially-
selective excitation using multiple transmit coils, each driven by a unique RF pulse (1,2). In a manner 
analogous to parallel imaging, parallel excitation allows the use of a reduced excitation k-space trajectory 
(7) to achieve a desired excitation pattern, by exploiting the blurring effect of coil sensitivity patterns in 
the excitation k-space domain to deposit RF energy in regions not traversed by the trajectory. Proposed 
applications include the shortening of multi-dimensional RF pulses for B1 and B0 inhomogeneity 
compensation (8-11), and Specific Absorption Rate (SAR) management (2). The feasibility of parallel 
excitation has also recently been verified experimentally in (12,13).   
 In this paper we present a review of RF pulse design methods for parallel excitation and 
demonstrate their application. The pioneering methods were introduced by Katscher, et al. (1) and by Zhu 
(2). The method by Katscher, et al. (1) is characterized by the explicit use of transmit sensitivity patterns 
in the pulse design process, and its formulation is based on a convolution in excitation k-space. It allows 
usage of arbitrary k-space trajectories. Grissom, et al. (3) proposed an RF pulse design technique that is 
closely related to Katscher’s method, but is formulated in the spatial domain. It is a multi-coil 
generalization of the iterative pulse design method proposed by Yip, et al. (14). The method introduced 
by Zhu also makes explicit use of transmit sensitivity patterns and is formulated as an optimization 
problem in the spatial domain, and, as presently described, is restricted to Cartesian (e.g. echo-planar) k-
space trajectories. Griswold, et al. (4) proposed a k-space domain method that is analogous to GRAPPA 
imaging (6). It is unique in that it does not require prior determination of sensitivity patterns. Instead, it 
involves an extra calibration step in the pulse design process. It also appears to be restricted to Cartesian 
k-space trajectories. All of the aforementioned design approaches are based on the assumption of small-
tip-angle excitation.   
 In the following section we review the formulations of the four RF pulse design approaches in 
detail. We then present a discussion of applications of parallel excitation, including the acceleration of 
multi-dimensional selective excitation pulses, B1 inhomogeneity compensation, and SAR management.   
 
2. Current RF Pulse Design Methods for Parallel Excitation 
 
2.A. Spatial Domain Approach 

The design approach introduced by Grissom et al (3) is formulated as an optimization problem in 
the spatial domain. Exploiting linearity in the small-tip regime (7), the aggregate transverse excitation 
pattern produced by C transmit coils can be approximated by a weighted summation of C Fourier 

integrals along a k-space trajectory (11), k t( )= kx t( ) ky t( ) kz t( )[ ]T
, that are temporally weighted by 

unique complex RF pulses . The c-th integral is spatially weighted by the complex transmit 

sensitivity pattern  for coil c: 
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In this equation, γ  is the gyromagnetic ratio,  is the equilibrium magnetization magnitude, m0 T  is the 

pulse length, and  represents the phase accrued due to main field deviation . The 

method places no restrictions on the choice of trajectory 

eiγΔB0 x( ) t−T( ) ( )x0BΔ
k t( ), defined as the time-reversed integral of the 

gradient waveforms (7). Discretizing time to Nt  samples and space to Ns samples, we may write: 
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where  is a length-bc Nt  vector of RF pulse samples for coil c, and m is the length- Ns vector of spatial 
samples of the aggregate excitation pattern. The i, j( )-th element of the Ns × Nt system matrix  is 
given by: 

A

aij = iγm0ΔteiγΔB0 x i( ) t j −T( )eix i ⋅k t j( ). [3] 

Equation [2] can be rewritten via horizontal concatenation of the matrices  and vertical 
concatenation of the vectors b , resulting in: 
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Given a vector  containing mdes Ns samples of a desired pattern at spatial locations , the RF pulses 

can be designed via solving the following minimization problem: 
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where  is an W Ns × Ns diagonal matrix containing an error weighting that one can use to specify spin-

free regions as “don’t-care” regions. In general, it is beneficial to define x i{ }
i=1

Ns  as a spatial grid of finer 

resolution than that supported by the accelerated trajectory, in order to produce smooth excitation in 
continuous space (14). The minimization problem can be solved by brute-force inversion or efficiently by 
the CG method, in a manner similar to the single-coil pulse design method (14). 
 
2.B. Transmit SENSE Approach 

In contrast to the previously described spatial-domain method, the design approach formulated by 
Katscher, et al. (1), coined “transmit SENSE,” is formulated in the frequency, or k-space domain. 
Assuming small tip angles (7), the Fourier transform of the aggregate excitation pattern m x  resulting 
from simultaneous excitation by C coils is given by: 
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where  is the Fourier transform of the transmit sensitivity pattern of coil c, Sc pc is the Fourier transform 
of the excitation pattern produced by coil c, and the operator ⊗ denotes a convolution. This equation can 
be discretized in , forming a length-Nk s vector  that contains samples along a fully sampled grid 

, C circulant convolution matrices S  of size 

p
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c Ns × Nt , and C length-Nt vectors p  containing 

samples along a common accelerated trajectory 

c

k t{ }
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Nt . In general, there are no restrictions placed on the 

choice of the fully sampled grid and the accelerated trajectory, though for simplicity the fully sampled 

grid  is generally Cartesian. The circulant convolution matrices S  may be constructed by taking 

the discrete Fourier transform of the measured transmit sensitivity patterns, and interpolating each onto a 
grid of points given by ( . The result of the discretization procedure is a sum of matrix/vector 
products given by: 

ks{ }
s=1

Ns

c

)ts kk −

∑
=

=
C

c
cc

1
pSp .  [7] 



We may replace the summation in Eq. 2 by concatenating the C convolution matrices to form the size-
Ns × C ⋅ Nt  matrix , and concatenating the transforms of the excitation patterns, resulting in the 
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A regularized least-squares cost function can then be defined and minimized to yield the Fourier 
transforms of the individual coils’ excitation patterns: 
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where  is a vector containing Npdes s samples of the Fourier transform of the desired excitation pattern, 

and R p full( ) denotes a general regularization term. The RF pulse for coil c, , can be derived from p  

by multiplication with the Jacobian determinant for k-space density and velocity compensation (1). 

bc c

 
2.C. Regularization in Spatial Domain and Transmit SENSE Methods 

Both the transmit SENSE and the spatial-domain methods are formulated with regularization 
terms  that provide design control over pulse characteristics such as integrated RF power, peak RF 

power, and waveform smoothness (Equations 5 and 9). In the spatial-domain method, 

R ⋅( )
R b full( ) operates 

directly on the RF samples, and in transmit SENSE, R p full( ) operates on the frequency-domain excitation 

patterns, from which RF samples can be obtained via multiplication with a diagonal matrix containing k-
space density and velocity compensation terms. In the spatial-domain method, integrated RF power may 

be controlled via a Tikhonov regularization term R b full( )= β ′ b fullb full , where prime denotes complex 

conjugate transpose, and β  is a tuning parameter. This term is useful for controlling SAR, as it reduces 

the time-averaged RF power. Instantaneous RF power is controlled via ( ) fullfullfullR bbb Λ′= , where 

{ }jdiag λ=Λ , with λ j , j = 0,...,C ⋅ Nt −1 denoting regularization parameters used to control the 

magnitude of individual RF pulse samples. Regularization on instantaneous RF power is useful for 
suppressing waveform peaks, so that the waveforms can be scaled to produce larger tip angles within the 
limit of the amplifier. Both regularization on integrated and instantaneous RF power are useful for 
mitigating increased excitation error as RF pulses are scaled to achieve large tip angles. Waveform 

smoothness can be tuned via , where  is a finite-differencing matrix.  R b full( )= α ′ b full ′ C Cb full C
 

2.D. Removal of Aliasing Approach  
In an approach developed by Zhu (2), one considers the aliasing pattern in the spatial domain that 

results from undersampling of the excitation k-space trajectory, and solves for the necessary excitation 
patterns for each coil.  For example, consider the case of a two-dimensional Cartesian trajectory with 
undersampling along the y dimension.  The aggregate excitation pattern can be expressed as: 
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where  is the excited pattern for ccu  th coil using the fully sampled excitation k-space trajectory and 
 is the spacing of the aliasing for speedup factor R. If we consider solutions in the form 

, then equation [10] can be rewritten as: 
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One can see that the excited pattern can be made equal to the desired pattern if over the FOV: 
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Thus, for each point (x,y) in the FOV, we can construct the following matrix equation: 
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which is a system of R equations with C unknowns (typically CR ≤ ). Least-squares solutions to [13] can 
be obtained via pseudo-inverse or other methods, yielding the appropriate excitation pattern for each coil, 

, which can then be used to calculate the RF pulse using the excitation k-
space perspective under small-tip-angle approximation (7).  

),(),(),( yxmyxhyxu descc =

It should be noted that this formalism is very similar to the solution of the receive SENSE 
problem using an undersampled Cartesian trajectory (5). Similar to SENSE, the number of equations in 
[13] can be less than R at spatial locations where, due to object shape, there are fewer than R excitation 
pattern replicas overlapping at those locations. Likewise, if a more complex undersampling pattern is 
used (for example, in three-dimensional parallel excitation), then a more complex pattern of overlapping 
aliasing can be incorporated into this expression, albeit leading to larger matrices to be inverted. 

 
2.E. Issues Associated with Determination of Transmit Patterns 

The above three design methods all assume knowledge of the transmit sensitivity patterns, sc x( ).  
These quantities are analogous to receive sensitivity patterns in parallel imaging, and their accurate 
determination is important for excitation accuracy. One way to estimate sc x( ) is to obtain relative 
excitation patterns by playing out a common RF pulse on each coil individually and collecting images 
with a fixed receiver system (using single channel or parallel acquisition). The relative phase of sc x( ) 
can be determined by examining the relative phase between these images. Similarly, relative amplitudes 
can be determined by examining the amplitude of the response for each coil. However, to excite a target 
flip angle exactly, one must have knowledge of the absolute B1 field amplitude per unit current in the coil, 
which may be obtained by applying a B1-mapping method to each transmit coil (22-24).  

Finally, there is the issue of mutual inductance between coils. One can attempt to eliminate the 
effects of mutual inductance between the coils (25,26), or allow the mutual inductance to occur and 
account for it in the pulse design (2). In the latter case, the effective sensitivity pattern of the r-th coil can 
be modeled by a weighted sum over all sensitivity patterns: 
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where cr,γ  accounts for the coupling between coils r and c. 

 
2.F. Pulse Design without Explicit Determination of Transmit Patterns 

In contrast to the previous three methods, Griswold et al. (4) have suggested an approach to 
designing parallel excitation pulses, known as transmit GRAPPA, which does not require the 
determination of transmit sensitivity patterns. In a manner analogous to receive GRAPPA (6), the method 
requires calibration of k-space data that are acquired using segments of a common RF pulse prior to the 
actual transmit GRAPPA experiment.  As in Zhu’s method, it is assumed that the excitation k-space 
trajectory is Cartesian and is accelerated in one dimension by a speed-up factor R.  It is also assumed that 
a relatively uniform B1 field may be produced via simultaneous excitation on all coils. For example, this 
may require that, for a circular array of transmit coils, the default coil phase varies with angular position 
so as to produce an approximation to circular polarization. The method begins with an initial 2D RF 
pulse, designed using standard methods (7), that produces a desired excitation pattern  using a fully mdes



sampled k-space trajectory and uniform transmit sensitivity. Considering the aforementioned assumption 
of a uniform B1-field when using all coils, the desired pattern  can be excited by playing out the 
initial pulse on all coils simultaneously. The initial pulse can be decomposed into its undersampled parts 

by taking every R-th

mdes
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 th coil with the pulse corresponding to the r-th k-space segment, br kx,ky( ) and let the 

aggregate pattern for all coils produced by simultaneous excitation along the r-th k-space segment be 

.  It follows that the combined excitation along all segments and across all coils 

will produce the desired pattern: 
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The basic idea in transmit GRAPPA is to determine what weighted combination of RF pulses, transmitted 
along a single k-space segment (e.g. r = 1), will produce .   desm

More specifically, the design method will attempt to determine what RF pulses for each of the 

coils, transmitted along segment r = 1, will produce the other segments’ excitation patterns, , r = 

2,…,R.  Thus, the  represent the targets of the parallel excitation scheme and are half of the 

required calibration data for transmit GRAPPA.  These target patterns, , are determined 

experimentally by transmitting pulse segment  to all coils simultaneously. This acquisition is repeated 
for excitation along all segments r = 2,…,R.  Next, calibration data representing the building blocks for 

exciting  must also be obtained.  As a matter of convenience, one can choose the first segment 

of the initial pulse  as the building block.  By exciting this pulse individually on each of the C coils, 

one can acquire , which form the other half of required calibration data.  If necessary, one can 
excite a richer set of building blocks, the use of which may yield a more accurate fit to the target k-space 

data.  Finally, the relationship between the segment one excitation patterns ( ) and the target 

patterns ( ) is determined to build the final RF pulses.  In practice, this relationship is examined 
in the k-domain and, in a manner similar to receive GRAPPA, a linear combination of RF pulses from the 
individual coils (the building blocks) with shifts in k-space form the pulses that produce the pattern for 

each target segment, . 
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where r
cb~ , c = 1,…,C, is the set of RF pulses that, when transmitted simultaneously along segment 1, 

will produce the excitation pattern for segment r, .  By equation [15], simultaneous transmission 

of 

),( yxmr

cb~ , c = 1,…,C, will produce .  The subpulses desm r
cb~  are constructed from weighted combinations of 

shifted versions of the building block RF pulse: 
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where p and q map out a neighborhood in excitation k-space and  are the GRAPPA coefficients.  
As with receive GRAPPA, the underlying assumption is that the transmit patterns blur the RF pulses into 
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neighboring lines in k-space.  The GRAPPA coefficients are determined by finding the coefficients that 
best fit the following relationship:  

∑∑ Δ−Δ−=
= qp

rxc
r
c

C

c
yx

r kqRkkpkMqpakkM
,

1

1
),(),(),( ,  [18] 

where rM  and  are the acquired k-space data associated with the calibration excitation patterns , 

r = 2,…,R, and , c = 1,…,C.  Thus, the coefficients that are used to construct the target RF pulses from 
the building block RF pulses are obtained from a fitting procedure that is performed on images of the 
excitation patterns that the target and building block pulses produce.  The method therefore obviates the 
need for estimates of transmit sensitivity patterns, because they are manifest in the linear transformation 
from RF pulses to excitation patterns.  Interestingly, while the shifts in equation [17] are in excitation k-
space and the shifts in equation [18] are in acquisition k-space, these shifts are the same provided the field 
of view of the acquired data and the initial fully-sampled RF pulse is the same.  Thus, only a few 
acquisition lines are necessary to determine the transmit GRAPPA coefficients. 

1
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3. Applications of Parallel Excitation 
 
3.A. General Multi-dimensional RF 
Pulse Acceleration 
 Compared to multi-
dimensional excitation with a single 
volume coil, parallel RF transmission 
with localized coils allows for a 
reduction of pulse length. The 
reduction comes from the possible use 
of an undersampled k-space trajectory 
with an excitation FOV (XFOV) 
smaller than the FOV of the desired 
pattern. This ability to use such a 
trajectory arises from the blurring 
effect of transmit sensitivity patterns in 
the frequency domain, which spreads 
RF energy into k-space regions not 
traversed by the undersampled trajectory. In analogy to parallel imaging, we can characterize the 
reduction by a speedup factor, defined as the ratio of the FOV of the desired excitation pattern to the 
XFOV of the undersampled trajectory. High excitation accuracy can be maintained over a range of 
speedup factors in parallel transmission, as demonstrated in Figure 1, which shows simulated images 
corresponding to no acceleration (Fig 1a), and a speedup factor of 4 (Fig 1b).  The parallel transmit 
simulation assumed an eight-channel head transmit array, and both pulse sets were designed to excite a 
rectangular block of flip angle 10 degrees inside a circular ROI, using spiral trajectories with different 
XFOV. From these images and their corresponding excitation error it is evident that excitation accuracy is 
maintained despite a reduction in pulse length from 7.2ms to 2.1ms. 

Figure 1. Simulation of eight-transmit coil parallel excitation 
without acceleration (a), and speedup factor 4 (b). The desired 
pattern was a rectangular block of uniform 10 degree flip angle, 
centered in a circular ROI. Spiral k-space trajectories were used 
with pulse lengths were 7.2ms (a), and 2.1ms (b). The pulses 
achieved the same excitation accuracy within the ROI. 

 
3.B. B1 Inhomogeneity Compensation 
 The problem of B1 inhomogeneity in MRI at high fields is well known. Stenger et al (8) have 
recently proposed the application of parallel excitation to the shortening of multi-dimensional selective 
excitation pulses for B1 inhomogeneity compensation. Parallel excitation is well suited to this problem 
because B1 inhomogeneity is captured as a feature of the measured transmit sensitivity patterns. Thus a 
homogeneous excitation may be achieved with RF pulses designed using these sensitivity patterns and a 
homogeneous desired excitation pattern. Figure 2b shows an experimental image obtained at 3T, 
demonstrating the use of parallel excitation for B1 inhomogeneity compensation. Pulses in this experiment 



were designed using a ‘fast-kz’ trajectory (27) and the spatial domain method proposed by Grissom et al. 
The experiment was performed using the reciprocity-based method described in (17). It can be seen that 
parallel excitation using these pulses results in a more homogeneous excitation (Fig 2b) than excitation 
using a standard slice-selective excitation with multiple transmitters (Fig 2a). 
 
3.C. SAR Management 
 Zhu (2) has shown that parallel excitation can 
be employed for the purpose of SAR management, 
which is of great concern at high field strengths.  In a 
given parallel excitation experiment, assuming that the 
speedup factor R is less than the number of coils C, 
equations [5], [9], [13], and [18], which are the design 
equations central to each approach, are underdetermined 
problems.  In each case, there are fewer constraint 
equations than variables, and there exists a family of RF 
pulse solutions, all of which yield equally good 
excitation error.  It then becomes feasible to employ an 
additional metric in the design process to favor RF 
pulses with low average SAR.  For example, SAR may 
be quantified as: 

SARave = ′ b fullFb full ,  [19] 

The matrix F in [19] relates the RF pulse samples to the 
squared absolute value of the electric fields in the 
sample, and is based on the application of quasi-static approximations to Maxwell’s equations, whereby it 
may be assumed that the electric field in the sample volume scales linearly with the applied current in the 
coils. Such a metric might be employed in the RF pulse design process by enforcing a maximum 
allowable norm-squared excitation error εmax , while minimizing with respect to average SAR.  To 
achieve this, the spatial domain design method could be modified as: 

 
Figure 2. Standard slice-selective excitation using 
multiple transmitters (a) and parallel excitation for 
B

a b 

B1 inhomogeneity compensation (b) at 3T. In (a), 
B1B  inhomogeneity has the effect of creating a 
central region of high intensity. In (b), a more 
homogeneous excitation is achieved. Images 
courtesy of V.A. Stenger. 
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which is a nonlinear optimization problem in . Zhu (2) reported a 38% decrease in average SAR 

between RF pulses designed by minimizing excitation error alone and pulses designed in a nonlinear 
fashion, as in [20], for a nine-channel transmit array with speedup factor 4.  

b full

 
4. Summary 
 Parallel excitation is a bourgeoning technology with the potential to alleviate several problems in 
MR imaging, particularly those arising at high field strengths. In this work, we have presented a 
theoretical overview of four current RF pulse design approaches in parallel excitation, and have discussed 
practical details concerning their implementation. We have also presented a discussion of three 
applications of parallel excitation, namely general multidimensional RF pulse acceleration, B1 
inhomogeneity compensation, and SAR management. 
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